Abstract. In 1982, Uhlenbeck [29] established the well-known gauge fixing theorem, which has played a fundamental role for Yang-Mills theory. In this paper, we apply the idea of Uhlenbeck to establish a parabolic type of gauge fixing theorems for the Yang-Mills flow and prove existence of a weak solution of the Yang-Mills flow on a compact n-dimensional manifold with initial value A 0 in W 1,n/2 (M ). When n = 4, we improve a key lemma of Uhlenbeck (Lemma 2.7 of [29] ) to prove uniqueness of weak solutions of the Yang-Mills flow on a four dimensional manifold.
Introduction
Let M be a compact n-dimensional Riemannian manifold without bounday and let E be a vector bundle over M with compact Lie group G. The Yang-Mills flow has played an important role in Yang-Mills theory. Atiyah and Bott [1] introduced the Yang-Mills flow. Donaldson ([5] , [6] ) proved global existence of the smooth solution to the Yang-Mills heat flow in holomorphic vector bundles over compact Kähler manifolds and used it to establish that a stable irreducible holomorphic vector bundle E over a compact Kähler surface X admits a unique Hermitian-Einstein connection, which was later called the DonaldsonUhlenbeck-Yau theorem, and see different approach in [30] for the case of holomorphic vector bundles over compact Kähler manifolds. Simpson [23] generalized the Donaldson-Uhlenbeck-Yau theorem in holomorphic bundles over some non-compact Kähler manifolds. We refer to see [11] , [18] , [32] for further generalizations to the Yang-Mills-Higgs flow on compact or complete Kähler manifolds.
When holomorphic vector bundles are not stable, there is a conjecture of Bando and Siu [2] on the relation between the limiting bundle of the Yang-Mills flow and the Harder-Narashimhan filtration on Kähler manifolds. The author and Tian [12] established asymptotic behaviour of the Yang-Mills flow to prove the existence of singular Hermitian-Yang-Mills connections on higher dimensional Kähler manifolds. Daskalopous and Wentworth [4] settled the Bando-Siu conjecture on Kähler surfaces. Recently, Jacob [16] and Sibley [24] settled the conjecture of Bando and Siu [2] on higher dimensional Kähler manifolds by using the asymptotic result in [12] .
Without the holomorphic structure of the bundle E over Kähler manifolds, it is very interesting to investigate existence of the Yang-Mills flow in vector bundles over n-dimensional Riemanian manifolds. For the case of lower dimensional manifolds (i.e. n = 2, 3), Rado [19] proved global existence of the smooth solution of the Yang-Mills flow. It is well known that Yang-Mills equations in dimension four have many similarities to the harmonic map equation in dimension two, so dimension four is a critical case for Yang-Mill equations as dimension two is for harmonic maps. Chang-Ding-Ye [3] constructed a counter-example that the harmonic map flow on S 2 blows up at finite time, so it was suggested that Yang-Mill flow in dimension four should blow up in finite time. However, in a contrast to the setting of [3] , Schlatter, Struwe and Tahvildar-Zadeh [21] proved global existence of the SO(4)-equivariant Yang-Mills flow on R 4 . Later, the author and Tian [13] also proved global existence of the m-equivariant Yang-Mills flow on R 4 . Recently, Waldron [31] established global existence of the smooth solution to the Yang-Mills flow when F + L 2 (M) is sufficiently small. When n > 5, it was known that the Yang-Mills flow could blow up in finite time (e.g. [10] ).
On the other hand, Uhlenbeck [29] established a gauge fixing theorem, which has played an important role to study the moduli space of Yang-Mills connections. Since the Yang-Mills functional is gauge invariant, the Yang-Mills flow equation (1.2) is not a parabolic system. In order to investigate existence of the Yang-Mills flow, we apply the idea of Uhelenbeck in [29] to establish a parabolic version of gauge fixing theorems, depending on time, such that the Yang-Mills flow is equivalent to a parabolic system, which is called the the Yang-Mills equivalent flow (see below (1.3-(1.4) ). More precisely, we have Moreover, for all t ∈ [0, t 1 ], we have 
We would like to point out that (1.4)-(1.5) can be obtained by using Uhlenbeck's gauge fixing theorem directly. However, since the Coulomb guage in Uhlenbeck's gauge fixing theorem might be not unique, one cannot prove (1.6) easily. Instead, we have to follow all steps of Uhlenbeck's original proof to fix Coulomb gauges for each t > 0 along the flow to prove (1.6).
As an application of Theorem 1.1, we prove
, the solution A(t) is gauge-equivalent to a smooth solution of the Yang-Mills flow. At the maximal existence time T 1 , there is at least one singular point x 0 ∈ M , which is characterized by the property that
As a consequence of Theorem 1.2 for n = 4, it provides a new proof of local existence of a weak solution of the Yang-Mills flow with initial value A 0 ∈ H 1 (M ). When n = 4, Struwe [26] proved existence of a weak solution, which is gaugeequivalent to a smooth solution for t ∈ (0, T 1 ) with the maximal existence time T 1 > 0, to the Yang-Mills flow in vector bundles over four manifolds for an initial value A 0 ∈ H 1 (M ). The author, Tian and Yin [14] introduced the Yang-Mills α-flow to proved the global existence of weak solutions of the Yang-Mills flow on four manifolds. Recently, using an idea on the broken Hodge gauge of Uhlenbeck [28] , the author and Schabrun [15] established an energy identity for the Yang-Mills flow at the finite or infinite singular time T 1 .
It was known that Struwe [26] only proved uniqueness of weak solutions of the Yang-Mills flow with initial value A 0 ∈ H 1 (M ) under an extra condition that A 0 is irreducible; i.e. for all s ∈ Ω 0 (adE)
It has been an open problem about the uniqueness of weak solutions of the YangMills flow in four manifolds with initial data in H 1 (M ) (Recently, this problem was pointed out again in [31] ). We would like to point out that the weak solution constructed by Struwe in [26] is a weak limit of smooth solutions. In this sense, we solve the problem of Struwe and prove Theorem 1.3. When n = 4, the weak solutions of the Yang-Mills flow (1.2) with initial value A 0 ∈ H 1 (M ) are unique.
For the proof of Theorem 1.3, we need a variant of a parabolic gauge fixing theorem for the Yang-Mills flow. However, in Theorem 1.1, d
* a = 0 in B r0 (x 0 ) with Nuemann boundary condition a · ν = 0 on ∂B r0 (x 0 ) might be not unique, so the parabolic gauge fixing theorem in Theorem 1.1 is not good enough to establish uniqueness of weak solutions of the Yang-Mills flow. To overcome the difficulty, we improve a key lemma of Uhlenbeck (Lemma 2.7 of [29] ) from the Neumann boundary condition to the Dirichlet boundary condition. By a special covering of M and ordering each open ball, we glue local connections together to a global connection on the whole manifold M to prove uniqueness of weak solutions of the Yang-Mills flow. Finally, we would like to remark that for n ≥ 5, weak solutions of the Yang-Mills flow with initial value A 0 ∈ H 1 (M ) might not be unique (see [8] ). The paper is organised as follows. In Section 2, we recall some necessary background and estimates on the Yang-Mills flow. In Section 3, we prove Theorem 1.1. In Section 4, we prove Theorem 1.2. In Section 5, we show Theorem 1.3. 
Following [26] , we consider an equivalent flow
with a(0) = A 0 . Note that (2.1) is a nonlinear parabolic system. By the wellknown theory of partial differential equations, there is a unique smooth solution of (2.1) with the initial value on M × [0, t 1 ] for some t 1 > 0. By the theory of ordinary differential equations, there is a unique solution S ∈ G to the following initial problem:
with initial value S(0) = I. Through the gauge transformation
we have (e.g. see [26] , [11] )
Combining (2.1), (2.2) with above facts yields
This shows that D A = (S −1 ) * D a(t) satisfies the Yang-Mills flow with A(0) = A 0 in M × [0, t 1 ] for some t 1 > 0 and is unique (see [14] ).
2.2.
Some estimates on the YM flow. We recall from [26] that Lemma 2.1. Let A(t) be a smooth solution to the Yang-Mills flow in M × [0, T ] with initial value A(0) = A 0 for some T > 0. For each t with 0 < t ≤ T , we have
Moreover, we have 
for some positive R 0 < 1. Then there is a constant C such that
Proof. Applying the Bianchi identity D A F A = 0 and the well-known Weizenböck formula (e.g. [12] ), we have
be an open cover of M . By using the Hölder inequality and the Sobolev inequality, we have
(2.4) follows from choosing ε sufficiently small and integrating in t. There exist constants ε = ε(E) > 0 and R 0 > 0 such that if
) be a cutoff function with φ = 1 in B R0 (x 0 ). Using the Yang-Mills flow equation and the Weizenböck formula, we have
where mboxRm is the Riemannian curvature. Then
Note that
Combining above inequalities and choosing ε sufficiently small, the claim is proved.
Then there is some positive constant C such that
Proof. By Proposition 3 of [12] , we have
Then it is standard to apply the Scheon's idea to get the required result (e.g. [12] ), so we omit the details here. 
Then we apply the Moser's estimate to get the required result.
3. Proof of Theorem 1.1
In order to prove Theorems 1.1, we need some lemmas.
Proof. Note that
dt and
Similarly, we have
This proves our claim.
with v(θ, 1) = 0 on S n−1 . Let ϕ(r) be a smooth cut-off function in [0, 1] with ϕ(r) = 1 near 1 and ϕ(r) = 0 for [0, η] with some small constant η > 0. Then we have
for any p > 1.
Proof. This lemma was mentioned by Uhlenbeck in [28] . For completeness, we give a proof here.
By the standard L p -estimate of parabolic equations [17] , we have
Then we claim that there is a constant C such that
If not, there is a sequence of k and solutions v k of the heat equation
.
. By the Sobolev compact imbedding theorem (e.g.
Moreover, v ∞ also satisfies
withṽ ∞ (θ, 1) = 0 on S n−1 . By the backward uniqueness of the heat equation,ṽ ∞ must be zero in
. This is contradicted with the fact that
Therefore, our claim is proved, so (3.2) holds. Similarly, (3.3) can be proved by differentiating in r in (3.4).
We recall a key lemma of Uhlenbeck (Lemma 2.7 in [29] ) in the following:
Now we complete a proof of Theorem 1.1
Proof. Without loss of generality, we assume that U = B 1 (0) and denote D A = d + A. At t = 0, it follows from Uhlenbeck's gauge fixing theorem [29] that there is a smooth gauge transformation S 0 = S(0) and a connection
For any p ∈ (n/2, n] and for the above ε > 0, there is a constant δ > 0 such that for all t, t
Next, we follow the procedure of [29] to fix a Coulomb gauge in [0, δ]. Through the gauge transformation S 0 the induced connection
is also a smooth solution the Yang-Mills flow inŪ × [0, t 1 ] withÃ(0) = a(0). However,Ã(t) does not satisfy the boundary condition ofÃ·ν = 0 on ∂U , so we cannot apply above Lemma 3.3 to fix a Coulomb gauge forÃ(t) for t ∈ [0, δ]. In order to sort out the boundary issue, it follows from Lemma 2.6 of [29] to get that there are gauge transformations e u1(t) such that
where a 1 (t) :=Ã(0) + λ(t) and
In fact, we can choose u 1 (t) = ϕṽ, where ϕ(r) is a smooth cut-off function defined in Lemma 3.2 andṽ is the solution of
withṽ(1, θ) = 0 for all θ ∈ S n−1 . Then, we have u 1 (t) = 0 and de
which implies that the new connection a 1 (t) satisfies the required boundary condition a 1 (t) · ν = 0 on ∂U .
Noting thatÃ(t) = S −1
By the L p -estimate in Lemma 3.2, we have
for q > n. By the Sobolev imbedding theorem, |u 1 (t)| is uniformly bounded for any t ∈ [0, δ] for a sufficiently small δ > 0. Moreover, differentiating equation (3.8) in t yields
By applying the L p -estimate in Lemma 3.2 again, we have
It can be checked that
where
. By Lemma 3.1, we have
for a sufficiently small δ > 0. By the Sobolev inequality and noticing that u 1 (t) = 0 on ∂U , we have
Next, we will fix the coulomb gauge for A(t) in [0, δ] . By using the L p -estimate in Lemma 3.2 again, we have
Then λ(t) W 1,p (U) ≤ Cε. By using Lemma 3.3 for a sufficiently small constant ε > 0, there is a u 2 (t) ∈ W 2,p (U ) with ∇u 2 · ν = 0 on ∂U and U u 2 (t) dv = 0 for all t ∈ [0, δ] such that the gauge transformation S 2 (t) = e u2(t) ∈ W 2,p (U ) solves
It was indicated by Uhlenbeck (Lemma 2.7 of [29] ) that u 2 (t) smoothly depends on λ(t), so we choose the norm ∇u 2 (t) W 2,p (U) sufficiently small since λ(t) W 1,p (U) is very small. This implies that |u 2 (t)| can be sufficiently small for t ∈ [0, δ]. In fact, we can verify this directly. Note that the equation (3.12) is equivalent to
For a sufficient small ε > 0 and using the Sobolev inequality, we have for p > n/2
In fact, through a bootstrap argument, it can be proved that u 2 is smooth in U since A is smooth in U (see also in Proposition 9.3 of [27] ). By Lemma 3.1, we have
dt . Using the fact that d * a = 0 in U and a · ν = 0 on ∂U , it implies from Lemma 2.5 of [29] that for all t ∈ [0,
By the Sobolev inequality, we have
Recalling that s(t) = S −1
By using the Hölder and the Sobolev inequality, we have
Using (3.14), we know
Since s(t) = S −1 2 (t)s 1 (t)S 2 (t) + s 2 (t) with S 2 = e u2 , we note
It follows from (3.13) that ∇S 2 L n (U) can be sufficiently small. Then
Choosing ε sufficiently small in (3.15), we obtain
Moreover, we have d * a(t) = 0 in U and a(t) · ν = 0 on ∂U for t ∈ [0, δ]. For the above choices of δ, we assume that δ ≤ t 1 . If δ < t 1 , then we repeat the above the procedure starting at t 0 = δ instead of at t 0 = 0; i.e. At t 0 = δ, there is a gauge transformationS = S(δ) = e u(δ) such that
SinceS is a smooth transformation,S * (D A ) is also a smooth solution of Yang-Mills flow. Repeating the above procedure, we can find two new smooth u 1 (t) and u 2 (t) on [δ, 2δ] starting at t = δ withũ 2 (δ) = 0. More precisely, there is a new gauge transformation S 1 (t) = e u1(t) andS 2 (t) = e u2(t) for any t ∈ [δ, 2δ], with initial conditionũ 1 (δ) = 0 andũ 2 (δ) = 0, and the new connection In conclusion, for any t ∈ [0, t 1 ), there are gauge transformations S(t) and connection 
, and D a k is a solution of the equation
, where
Letting k → ∞, (a k , s k ) converges to (a, s), which is a solution to
Using the condition (4.6), we have 
By the L p -estimates, we know
For a sufficiently small ε > 0, we obtain
By (4.5), we have
It was pointed out in [26] that using (4.5) and (4.8), (a, s) is smooth in U × (0, t 1 ] by a bootstrap method (In fact, it can be also proved by using Lemma 2.4-Lemma 2.5). Using the Uhlenbeck gauge fixing theorem, at each t 0 > 0, there are gauge transformations S k (t 0 ) such thatÃ k (t) := S k (t 0 )(A k (t)) satisfies the Yang-Mills flow, d * Ãk (t 0 ) = 0 in U andÃ k (t 0 ) · ν = 0 on ∂U . By Lemma 2.4, there is a uniform constant C(t 0 ) depending on t 0 such that
For each integer l ≥ 1, we have
Using d * Ãk (t 0 ) = 0, we have
Then using the Yang-Mills flow equation again, we have
for t ≥ t 0 .Ã k converges to a smooth solutionÃ of the Yang-Mills flow in U × (0, t 1 ]. This implies that a is smooth gauge to the smooth solutionÃ for t ≥ t 0 .
As a consequence of Theorem 4.1, we have 
, there is a sequence of smooth connection
is the unique smooth solution of the Yang-Mills flow with initial value A k (0) for a maximal existence T k > 0. We claim that there is a uniform constant t 1 > 0 such that T k ≥ t 1 for all k ≥ 1.
For any small constant ε > 0, there is a uniform constant r 0 > 0 such that for any point x 0 ∈ M ,
Since M is compact, there is a finite cover of open balls
of M with U i = B r0 (x i ), such that at each x ∈ M , at most a finite number K of the balls intersect. Using Lemma 2.3 and a covering argument on M , we have 
Then we apply Theorem 1.1 on each U i to obtain that there are gauge transformations
is a solution of the equation
In the local trivialization of E Ui , d + a can be identified as the same by a gauge transformation through S ij;k ∈ G between E Ui and E Uj (see Lemma 3.5 of [29] ) such that
between E Ui and E Uj . More clearly, we have
This shows that the equation (4.10) is globally defined on M . We recall from Lemma 2.2 that there is a uniform constant C such that
For any δ > 0, using Lemmas 2.4-2.5, there are constants C(δ, l) > 0 such that for
. Moreover, we have
Then as δ → 0, the required result is proved.
In the local trivialization of E Ui , d + a i can be regarded as a local representative of the connection D a of E over U i . In the overlap U i ∩ U j of two balls, a i and a j can be identified as the same by a gauge transformation of S ij ∈ G between E Ui and E Uj (see Lemma 3.5 of [29] ) such that
between E Ui and E Uj . Equation (4.12) is well defined in U i ∩ U j in the following:
However, ∆a j and ∆a i are not gauge invariant in U i ∩ U j satisfying
Using above estimates, we have
Ui
Using (4.13)-(4.15) and choosing ε sufficiently small, we have
Since d * ( ∂a ∂t ) = 0 in U i and ∂a ∂t · ν = 0 on ∂U i , it follows from using Lemma of [29] 
Choosing ε sufficiently small, we have
Using equation (4.10), we have
Using equation (4.10) again, we have
An iterating argument yields that
for any integer k ≥ 1. By the Sobolev inequality, a(t) is smooth in M .
This shows that a(t) is a smooth solution of (4.10) in M × (0, t 1 ], which is smoothly gauge to a smooth solution of the Yang-Mills flow for each t > 0. Now we prove Theorem 1.2.
Proof. By the local existence result, there is a weak solution A(t) ∈ M × [0, t 1 ] of the Yang-Mills flow with initial value A 0 satisfying F A0 ∈ L n/2 (M ) for some t 1 > 0. If t 1 < T 1 , A(t 1 ) is gauge to a smooth connection. Then we can start again at the time t 1 as new initial time and extend the solution to the maximal time T 1 > 0 such that as t i → T 1 , there is a constant ε 0 > 0 such that there is at least singular point x 0 ∈ M , which is characterized by the condition lim sup
for any R ∈ (0, R 0 ] for some R 0 > 0.
Uniqueness of weak solutions in dimension four
In this section, we will prove uniqueness of the weak solutions to the Yang-Mills flow on four manifolds. Firstly, we improve the Lemma 2.7 of Uhlenbeck [29] (see also [20] ) in the following:
Moreover, if A and λ are smooth inŪ , then S is smooth inŪ .
Proof. Note that the equation (5.1) is equivalent to
By a similar proof to Proposition 9.2 of [27] , the existence of a solution of (5.3) can be also proved by the following iterations. Let u k−1 be a smooth function with u k−1 = 0 on ∂U satisfying u k−1 W 2,p (U) ≤ η for a small constant η. By the Sobolev inequality, the norm ∇u k−1 W 1,q (U) for q > n is very small, so this implies that |u k−1 | can be small when η is sufficiently small. For the above given u k−1 , there is a smooth solution u k of (5.4)
By the L p -estimate of elliptic equations (e.g. [9] ) and Hölder's inequality, we have
Letting ε 1 , ε 2 and η be sufficiently small, and using the Sobolev inequality, we have
where we choose Cε 2 ≤ 1 2 η. Letting k → ∞, u k converges to u weakly in W 2,p (U )∩ W 1,p 0 (U ) and u is a solution of (5.1). Using the L p -estimate again in (5.3), we obtain (5.2). Moreover, through a bootstrap argument, it can be proved that u is smooth inŪ if A and λ are smooth inŪ (see also in Proposition 9.2 of [27] ).
covers M and for each i there are at most finite number l of different j's ball B r0 (x j ) with B r0 (x i ) ∩ B r0 (x j ) = ∅. For simplicity, set U i = B r0 (x i ). For the proof of uniqueness, we need to give an order of all open balls U i in the following:
We choose U 1 as the first ball and define the second group of open balls {U 2,j }
L2 j=1
satisfying 
We order all balls until the final ball U L such that for each i, U i ∩ U i+1 = ∅.
From now on, we always assume that n = 4; i.e. M is a four dimensional manifold. 2C1 for some C 1 > 0 such that for each i, there is a gauge transformation S i (t) = e ui(t) and a new connection
and D a is a smooth solution of the equation
Moreover, for all i = 1, · · · , L, we have
Moreover, a i and a i+1 can be glued to a global connection by the gauge transformation S j(i+1) (0), which does not depending t, on the boundary
Proof. By Uhlenbeck's gauge fixing theorem in [29] , there is a constant ε such that if
for each i = 1, · · · , J, then there are smooth gauge transformations
and
where ε 1 is the constant given in Lemma 5.1.
, for a sufficiently small ε, there is a constant δ > 0 such that for all t,t ∈ [0, T ] with |t −t| < δ, we have
for some p > 2. Let U 1 be the first open set of the above cover of M . Thus, for t ∈ [0, δ], we have
By Lemma 5.1, for each t ∈ [0, δ], there are a gauge transformation S 1 (t) = e u1(t)
and a new connection a 1 (t) = S 1 (t) * (S 1 (0) * (A(t))) in U 1 satisfying equations (5.5)-(5.6) with S 1 (t)| ∂U1 = I and s 1 (t) = S −1
By using (5.9), the Holder inequality and the Sobolev inequality with the fact that s 1 (t) = 0 on ∂U 1 , we have
for a sufficiently small ε. Then it implies that
, where we used the fact that S 12 (0) W 1,4 (U1∩U2) ≤ Cε. Using Lemma 5.1 with λ(t) =ã 2 (t)−a 2 (0) in U 2 , there is a gauge transformation S 2 (t) ∈ W 2,p (U 2 ) such that a 2 (t) = S * 2 (ã 2 (t)) and d * a 2 (t) = 0 in U 2 with S 2 (t) = I on ∂U 2 satisfying
Moreover, there is a gauge transformation S 12 (t) = S 2 (t)• S 12 (0) in the intersection of U 1 ∩ U 2 such that
Using the fact that S 2 (t) = I on ∂U 2 , we obtain d dt S 12 = 0 on ∂U 2 ∩U 1 and s 2 (t) = 0 on ∂U 2 \U 1 , and since S 1 (t) = I and and s 1 (t) = 0 on ∂U 1 , we note that S
For simplicity, we set
It follow from (5.11) that
Using (5.12) with w = 0 on ∂U 2 , we have
Also, we note from (5.10) that
Then it implies that
for t ∈ [0, δ]. Using Lemma 5.1 with λ(t) =ã 3 (t) − a 3 (0) in U 2 , there is a gauge transformation S 3 (t) ∈ W 2,p (U 2 ) with S 3 (t) = I on ∂U 3 such that a 3 (t) = S * 2 (ã 3 (t)) and d * a 3 (t) = 0 in U 3 satisfying
There is a gauge transformation S 23 (t) = S 3 (t) • S 23 (0) in the intersection of U 2 ∩ U 3 such that
and there is a gauge transformation S 13 (t) = S 3 (t) • S 13 (0) in the intersection of U 1 ∩ U 3 such that Repeating the above procedure, we have
for all i = 1, · · · , J.
For the above construction, a i and a i+1 are same by the gauge transformation S i(i+1) (0), which does not depending t, on the boundary ∂U i ∩ U i+1 and similarly, a j with j ≤ i and a i+1 are same by the gauge transformation S j(i+1) (0), which does not depending t, on the boundary ∂(∪ For simplicity, we denote U j = U J \ ∪ J j=J+1 U j since the set ∪ J j=J+1 U j is empty. Using (5.35), Sobolev's inequalities and the Hölder inequality, we have .
Choosing ε sufficiently small, we obtain that a 1 = a 2 and s 1 = s 2 in M . This proves our claim.
